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A FULLY NONLINEAR CONFORMAL FLOW ON LOCALLY 
CONFORMALLY FLAT MANIFOLDS 

PENGFEI GUAN AND GUOFANG WANG 


Abstract. We study a fully nonlinear flow for conformal metrics. The long-time exis¬ 
tence and the sequential convergence of flow are established for locally conformally flat 
manifolds. As an application, we solve the at-Ysmahe problem for locally conformal flat 
manifolds when k 7 ^ n/ 2 . 


1. Introduction 

Let (M, go) be a compact, connected smooth Riemannian manifold of dimension n > 3. 
Let Sg denote the Schouten tensor of the metric g, i.e., 

= ub - 2{i^ ■») ’ 

where Ricg and Rg are the Ricci tensor and scalar curvature of g respectively. We are 
interested in deforming the metric in the conformal class [ 50 ] of go to certain extremal 
metric along some curvature flow. 

To introduce the flow, let a^-scalar curvature of g (see |^) be 

(^kig) ■= ■ Sg), 

where g~^ ■ Sg is defined locally by {g~^' Sg)) = g^^{Sg)kji and (Tfc(A) is the A:th elementary 
symmetric function of the eigenvalues of n x n matrix A. When k = 1, fii-scalar curvature 
is just the scalar curvature R (upto a constant multiple). For A: > 1, it is natural to 
consider in the positive cone 

r+ = {A = (Ai,A2,-- - ,A 0 GM’"k,(A) >0,Vj<fc}. 

A metric g is said to be in F^ if ak{g){x) € F^, Vx G M. 

We propose the following curvature flow 

^g = -{logakig) - logrfc(c/)) • g, 

5 ( 0 ) = go, 

where ri:(g) is given by 

rk{g) = exp ( —^ / logakig) dvolig) 

\vol{g) Jm 
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The main goal of this paper is to prove the following existence and convergence result 
of flow on locally conformally flat manifolds. 

Theorem 1. Suppose {M^qq) he a compact, connected and locally conformally flat man¬ 
ifold. Assume that go G T^ and smooth, then flow & exists for all time 0 < t < oo and 
g{t) G C°°{M) \ft. There exist two positive constants C,f3 depending only on go, k and 
n (independent oft), such that, 

( 2 ) WgWc^iM) <C, andyk^nf2 li^\\akig) - PWl^m) = 0, 

where the norms are taken with respect to the background metric g^. Furthermore, \/k 
nl2, for any sequence tn —> oo, there is a subsequence {in;} with gflm) converging in 
C^'°‘-norm (VO <a<l) to some smooth metric g and 

(3) ak{g) = P. 


If A: = 1, flow (j^ is a logarithmic version of the Yamabe flow introduced by Hamilton 
1^ in connection to the Yamabe problem |^. The Yamabe problem is a problem of 
deforming scalar curvature to a constant along the conformal class, the final solution was 
obtained by Schoen [^] after works of Aubin |Q|, Trudinger |]T| and others. For the study 
of the Yamabe flow, we refer to |^| and |^. 

The problem of finding constant cr^-curvature in the conformal class for A; > 2 is a 
fully nonlinear version of the Yamabe problem. This problem was considered in []T|. It’s 
reduced to a nonlinear elliptic equation. The main difficulty in this elliptic approach is the 
lack of compactness. One way to attack the problem is the blow-up analysis as in []l^ to 
rule out the standard sphere. In the case k = n, Viaclovsky obtained a sufficient condition 
for the solution of this nonlinear problem in []l7| ] . Chang, Gursky and Yang Q solved this 
problem for A; = 2, n = 4 on general 4 dimensional manifolds using a priori estimates and 
blow-up analysis. To do the blow-up analysis, one needs local estimates and classification 
of resulting entire solutions of the corresponding equation on M"'. These type of local 
estimates for the fully nonlinear version of Yamabe problem has been established by us 
in P for general cases. Flow (|T]) is designed as a parabolic approach to the problem. As 
a consequence of our main result, we obtain the solution for the fully nonlinear version of 
Yamabe problem for locally conformally flat manifolds when k ^ (of course, the A: = 1 
is a result of Schoen HTT 


Corollary 1. If{M,gQ) is a compact, connected and locally conformally flat manifold and 
go G F^, k then there is a smooth metric g ^ in [g'o] such that the ak-curvature 
of g is a positive constant. 


Remark 1. If{M,gQ) is a compact, connected and locally conformally flat manifold with 
positive Ricci curvature, then (M, is conformally equivalent to a space form. Hence, 
Corollary 1 is trivial for the case k = n. 

2. Preliminaries 

In this section, we collect and derive some properties of and its functionals. 
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Let (Ai,..., A„) G R”. The k-th elementary symmetric function is defined as 

(-^1 ) • • • ) -^ n ) — ^ ^ ■ 

A real symmetric n x n matrix A is said to lie in T^ if its eigenvalues lie in T^. 

Let Aij be the {zj}-entry of an re x n matrix. Then for 0 < k < n, the fcth Newton 
transformation associated with A is defined to be 

Tk{A) = ak{A)I - ak-i{A)A + • • • + {-l)^AK 

We have (see 01) 

7^ l'4V — 4. A. . 

where 7^7 is the generalized Kronecker delta symbol. Here we use the summation 
convention. By definition, 

O'ki^) = 


Tfc_i(A);. 


dcrk{A) 

dAij 


The following properties of ak and T^ are well-known (e.g., 



)• 


Proposition 1. We have 

1. Each set T^ is an open convex cone. 

2. Tk_i{A) is positive definite when A G T^. 

3. log fjfc and cj]J^ are concave. 

The following are some variational characterizations of crk{g) (see ||T^). 


Proposition 2. If (M,g) is locally conformally flat, then T^^Sg) is divergence free with 
respect to the metric g, i.e., for any orthonormal frame, Vj 


( 4 ) 


Y,^fin{Sg))) = o. 


If k , any solution of equation (0; is a critical point of the functional 

(5) Ek{g) = vol{g) ~ / ak{g)dvol{g) 

Jm 

in [ 50 ] • 

Now we consider some properties of flow (^. 

Lemma 1. The flow ^ preserves the volume. When ^ 7 ^ § and go is locally conformally 
flat, then 

( 6 ) ^^k{g) = ^^^ vol{g)^ [ {ak{g) - rkig))ilogakig) - logrk{g)). 

at l Jyi 

Therefore, for k < nj^, j-^Ek{g{t)) < 0, and for k > re/2, j-^Ek{g{f)) > 0. 
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Proof: The volume is preserved, as 


ivolig) = 


d 


gdvol{g) 


f s-'-.,. 

J M dt 
/ (log (Jkig) - log Vk(g)) dvol{g) = 0. 


On any locally conformally flat manifold, from the computation in |lf:]. 


4 f CTkig) dvol{g) 
m J M 


n — 2k 


d 


/ (^k{g)g -^gdvolig). 

' M 


Since flow preserves the volume, we have 

2k —n f d 

A9)^~ (^k{g)g ■ ^g dvol{g) 

J M “C 


d n — 2k 

j/M) = 


n — 2k 2 fc--n 
-vol{g) 2 


d 


2 

n — 2k 


/ {<^k{g) - rk{g))g ■ -^gdvol{g) 
f M 


Z 2k —n f 

-vol{g)^ 2 - / (akig) - rk{g)){logcrk{g) - logrk{g))dvol{g). 

Jm 


g = e • ffO) one may compute that (see m) 


(^k{g) = e'^^'^ak ( V^u PdwSidu- go + Sg^ 


Equation (||) can be written in the following form 


( 7 ) 


du , / 2 1 7 iVnp 

2— = log (Tfc ( V u + du ^ du --— 

CiZ/ \ ^ 


50 + 'S'oo + - log rfc 


t6(0) = Uq. 

If <7 = v~‘^g(}, equation (||) is equivalent to 


( 8 ) 


dv 

2- = log a, 

u(0) = Vq. 


|Vu|" 


2u2 


go + Sao] + 2k log V — log Tfc 


Here all covariant derivatives are taken with respect to the fixed metric go- 

Since go £ > How (ED is parabolic near t = 0, by the standard implicit function 

theorem we have the following short-time existence result. 


Proposition 3. For any go € C^(M) with iTfc(go) € T^, there exists a positive constant 
T* such that flow 0 exists and parabolic for t G [0, T*), and VT < T*, 

g G C^’“([0,r] X M),V0 < a < 1, and afc(g(t)) G r+ 
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3. A PRIORI ESTIMATES 


In this section, we establish some a priori estimates for flow (|^). Here the assumption 
of the locally conformally flatness is used. By the fundamental result of Schoen-Yau on 
positive mass theorem, if (M, g'o) is not conformally equivalent to the standard sphere, 
there is a precise asymptotic property for the developing mapping of (M, go) into the 
standard sphere Schoen applied this property together with Alexandrov’s moving 

plane method developed in |p to obtain the compactness in |]^]. Similar approach was 
also taken by Ye in to obtain a Harnack type inequality for the Yamabe flow. With 
little modification, the proof in yields the following Harnack type estimates for flow 


Proposition 4. Let {M^go) be a locally eonformally flat manifold and 5 o G If g{t) = 
v~‘^gQ is a solution of ^ with initial metric go with ak{g{t)) G in a time interval 
[0,T*), then 


(9) 


sup 

M 


!A£h<c, 


forxeMflG [0,T*), 


where (7 > 0 is a constant depending only on go, k and n. 

Proof: One only needs to consider the case {M,go) is not conformally covered by By 
1141, there is a conformal diffeomorphism <I> from the universal cover M of M onto a dense 
domain H of The boundary dH of H is non-empty. Let vr : M ^ M be the covering 
map and g = (<h“^)*7r*g' the pull-back metric. Set g = v~‘^gn, where g^ is the standard 
metric of the unit sphere. By the conformal invariance, we have 

|Vi)|2 \ 

5 " + ] -^k ’ 


( 10 ) 


dt 


~2 1/fc 

^ ^k 


21)2 


in 


i}(0) = Vo- 


Here Vv and V^v are derivatives with respect to the standard metric gn. A result of |14] 
implies 

Asymptotic fact: VT < T*,v~^{x,t) — >■ oo, uniformly Vt <T, as x —> dLl. 

Ye used the moving plane method of |5| to prove the Harnack inequality for solutions 
of Yamabe flow. The main ingredients in his proof are: 

1. The aymptotic fact; 

2. Certain growth conditions at oo of the transformed function w oi v under the stere¬ 
ographic projection from "■ to R”"; 

2. The invariance of the resulting parabolic equation for w in R"" under reflections and 
translations. 

In fact, the explicit form of the equation for Yamabe flow were not used in the proof 
of the Harnack inequality in [20|. As all these ingredients are available for flow (^, the 
proof in [^1 can be adapted to get the Harnack type inequality (^) for flow (|^. We will 
not repeat it here. ■ 
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By Lemma |I|, the volume is preserved under flow (||) . For u = log v satisfying (|^ , we 
have 

Corollary 2. There exists a constant C depending only on (M,go), k and n, such that 
for any solution u of flow 

(11) \\u\\c^<C. 

Now, we consider the C^-estimation for flow (|I|). We note that in the case of the Yamabe 
flow, and higher regularity estimates follow directly from estimates because the 
leading term is the heat equation. When k >2, flow (ED is fully nonlinear. It is not elliptic 
until the establishment of estimates and the positivity of crf:{g) in the time interval 
considered. estimates are crucial to the global existence of flow (|I]). 

Proposition 5. Let g = be a solution of flow (0) with (7k{g{t)) G r+ on M X 

[0,T*). Then there is a constant c > 0 depending only on go, k and n (independent ofT*) 
sueh that 

(12) \V^git)\<c, yte[0,T*). 

Proof: For any local frame ei,.we denote Ui = ViU and uu = ViViU the first 
and second covariant derivatives with respect to the background metric go. The similar 
notation will be used for the higher order covariant derivatives. 

We want to bound An. If A; > 2 and (Tfc(V^n + dn 0 dn — ^-^^go + S'gg) G F^, we know 
that 


{uijl < ci(An + |Vn| + 1). 

Hence we only need to get an upper bound of An. Consider G := (An + m|Vnp) on 
M X [0, r] for a given T G (0, T*). Here m is a constant to be fixed later. Assume G 
achieves the maximum at (xq, to) G M x [0, T]. Without loss of generality, we may assume 
that G{xo,to) A 1- Since |Vn| is bounded, we may also assume that at the point 

G > -tr(V^n + du^ du — ^—^^go + Sg^). 


By the Newton-MacLaurin inequality, at this point 
(13) G > ^( ^'^"'j^^' )^u|(V\ + dn0dn 

We have, at (xo,to)) 


|Vn|2 

2 


go + Sgg). 


(14) 


Gt = + 2muitui) > 0 

i 


Gi = + 2muiiUi) = 0 . 

i 


and 

( 15 ) 
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In what follows, we indicate c to be the constant (which may vary line form line) depending 
only on the quantities specified in the proposition. By (|^ we have at (xo,to)) 


(16) 


uiii\ < cG, for all i. 


Furthermore the matrix (Gij) is semi-negative definite at this point. Let W = (Wij) be a 
matrix defined by 


— Uij UiUj ^ |Vzx| Sij 


and F = logiTfc(VF). Set 




dF 


We may assume that (Wij) is diagonal at xq, so (F*-^) is also diagonal at the point. From 
the positivity of (F^^), we have 


(17) 






F''^(uiiij + 2muiiUij + 2uiijUi). 

i,j,l 


Since |Vu| is bounded, commutators of the covariant derivatives can be estimated as, 

\uHj — Uijl\ < c, 

— cG. 

In view of (p)^)-(|l^ and the concavity of F, we have 
0 > 




> 


yy F^'^Uijii + 2muiiUij + 2uijiUi) - F“G 




yy F''^{wijii - (uiUj - ];\Vu\^6ij + S(gQ)ij)ii + 2 muiiUij 


( 19 ) 




+2mwijiui - 2mui(uiUj - i|Vnp(5jj + S(gQ)ij)i} - cF'-^G 

i 

> AF + 2m yy FlUi + F^Yi + 2 ("i - 1) y^ F^^ul - c y^ F**G 






> AF + 2m Y y^ F** + 2(m - 1) y^ F**^ - c y^ F**G. 

l i i,l i 
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Recall that F = ut — 2ku — \ogr{g)^ dn and (H) yield 

0 > (Attt + 2m uiUti) — 2kAu — Amkl'S/i 


( 20 ) 


+ 


+ 2(m - 1) ^ - c ^ 


> {-2kG + 2(m - 1) X] -^**^?*} + - cG). 


We claim that for suitable large m > 1, 

(21) -2A;G + 2(m-l) Y^r^ul>-c{i + Y, F^^G). 

i 

Since W and (F*-^) are diagonal at the point, Aj = Wu and 

Wi = (Ai, A2, • • • , Aj_i, Aj+i, • ■ ■)) 

it is easy to check that F** = From (|^ ) and the identity 


if the claim is true, 

( 22 ) 


<yk{w) 

The Newton-MacLaurin inequality yields 
<yk-i{W) 


Y,^k-i{Wi) = {n-k + l)ak-i{W), 




> 


kn 


o'kiW) _|_ l^tr{V‘^u + du<S) du — + Sg^) 


Then the Proposition follows from (O) and 

Now we prove the claim. From ( p.lD and the assumption that G(xo,to) ^ 
constant c > 0 independent of T such that 

^F-4>^F-u; 2 -cJ^F-G. 

Since W is diagonal at the point, we have the identity (e.g., see [^) 

^ ak_i{Wi)wl = ai{W)ak{W) - {k + l)ak+i{W). 


In turn, 




'“-I = 


1 


w. 


CTkiW) 


, there is a 


(ui(IT)c7fc(IT)-(A: + l)c7fc+i(IT)). 
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When ak+i{W) < 0, the claim is automatically true. Hence we assume that Uk+iiW) > 0. 
The Newton-MacLaurin inequality 

n — k 

[k + < - (Tl(Tfc 

n 

yields 

n 

Now the claim is verihed if we choose m > n + 1. This completes the proof of the 
Proposition. ■ 


(23) 


4. A NONLINEAR EIGENVALUE PROBLEM 
In this section, we consider a nonlinear eigenvalue problem 

| V <))|2 


+ d(f)® d(f) — 


+ Sgo - A, 


G T^. We refer to |]T] and |^] for the treatment of other types of 


where covariant derivatives are taken with respect to the background metric. We say 4> is 
admissible if e~‘^'^go 
nonlinear eigenvalue problems. 

Theorem 2. Let go G T^. Then there exists a function (f and a positive number A such 
that (j) is an admissible solution of equation (jS^. {(f, A) is unique, in the sense that if 
there are two admissible (</>, A) and ((/>', A') satisfying then A = A' and (f = 4>' + c for 
some constant c. 

In order to prove Theorem we introduce an auxiliary equation 
(24) a]J^ + du®du- = he^ + /, 

for some functions f > 0, h > 0. 

Proposition 6. Let go G suppose < f < L for some constant L > 0 and h > 0. If 
u is a admissible solution of (^) and maxM u = 'y for some constant 7, then for each 
0<a<l, l>2 integer, there is a constant C depending only on I, a, go, L, 7, 

\\f\\c‘ such that ||M||c'+i.a(M) ^ C- 

Proof of Proposition 0. We will repeat the arguments in p| for the a priori estimates. In 


fact, stronger local estimates hold for the solutions of (24) following the same lines of the 
proofs in |p. Here we only concentrate on the global estimates. 

We first obtain a bound. Since max^ n = 7 , we only need to bound the gradient 
of u. Let W = (V^rt + du ® du — ^-^^go + Sg^) and let wij be the entries of W. Set 
H = |Vtip and assume that H achieves its maximum at xq. After appropriate choice of 
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the normal coordinates at xq, we may assume that W is diagonal at the point. Since xq 
is the maximum point of H, we have Hi{xQ) = 0, i.e., 

n 

(25) ^Uiiui = 0. 

1=1 


We may assume that H{xo) > and \Sgg\ < for some large fixed number Aq 

to be chosen later. 

Since xq is the maximum point of H, the matrix (Hij) = {2uiijUi + 2uiiUji) is semi¬ 
negative definite. Set 




dwij 


is a diagonal matrix at xq as W is diagonal. 

Again, as in the proof of Proposition we denote C (which may vary from line to 
line) as a constant depending only on the quantities mentioned in this proposition. Since 
F = {he^ + /)Vfc, F^ui < C{H + 1). We have 


(26) 


0 > F'^^Hij = F^\2uiijUi + 2uiiUji). 


Using (25), after commuting the covariant derivatives, the first term in (| 
mated as follows. 


can be esti- 


(27) 


F^^uijiui 

i,j,l 


i,j,l i 

= - (^*«i - - C\^^? E 

i,j,l i 

= Y.Fm-2Y, F^HuUgUi + Y, F^'ukiukui - C| Vnp ^ F'' 

I ij,l i,k,l i 

> -C|Vu| 2 ^F*h 


Here we have used the homogeneity Yli F^^wu = F. 

By Lemma 1 in |^, for Aq sufficiently large (depending only on k, n, and H^ollcs) 

( 28 ) ^ F^^UiiUji > I Vn|" F^\ 

i,j,l i>l 

(|2^) and (H), together with (^) yield the desired estimate. 

With the bound, a bound can be obtained following the same lines of proof of 
Proposition in the previous section. We may assume k > 2, since bound for k = 1 
follows from linear elliptic theory. Since u is admissible, in this case we only need to get 
an upper bound for Art as in the proof of Proposition We estimate the maximum of 
G = (Ati-|-|Vtip). We note that F = a^CV'^u + du<^ du— go + Sg^) is also concave. 
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At any maximum point yo ^ by the similar computations as in (1) and (|^) in the 
proof of Proposition we have, 


(29) 0 > AF + 2 E; Fm + F^^ul - C (1 + G) F^^. 

We estimate the terms on the right hand side. As F = (/ie“ + we have 

^Fiui>-C, ^Fu>-CG. 


i>i 


By the facts Y^F^^ > 1 for F = cr^ and G(yo) > Ij the above yields 




(30) 


> 




i,k,l 

-CG+-G^ 

n 


It follows from (|^ that at yo, G < C. 

The higher regularity estimates follow from the Evans-Krylov theorem (e.g., [^). ■ 

Proof of Theorem First we want to prove that for small A > 0 the following equation 
has a unique smooth admissible solution 

(31) F{u) =: g]!'" (v^u + du ^ du - - e“ = A. 


Since < 0, the uniqueness for the solutions of (^) follows from the Maximum principle. 


For the same reason, the kernel of the linearized operator of F is trivial at any admissible 
V. We note that for any admissible u and VO < t < 1, since go G ut = tu is also 
admissible. The linearized operator of F at uq = 0 is L{p) = tr{Tfc_i(S'gp)Vgpy} — hp. By 
(Q), it is self-adjoint with respect to the metric go. Since the index of elliptic operator is 
invariant under homotopy, so the kernel of the adjoint operator of the linearized operator 
of F at tt is trivial. That is, the linearized operator of F is invertible at every admissible 
solution u. This fact will be used later in the proof. 

We now want to show the existence using the continuity method. Since go G T^, there 

is a constant Gi > 1 such that < o']J^{SgQ) < Gi. Thus, for small A > 0, one can find 
two constants 5 < 0 < 5 such that 

e^ + \<G]!\Sg,) <e^ + X. 


Let V = 6, we have F{v) 
us consider the equation 

(32) 


/ for some smooth positive function / > A. For 0 < t < 1, let 
F{u) =tX + {I -t)f. 


By the Maximum principle, for any solution u of (|3^, minu > minu = 5. Also for v = 6, 
as F{v) < A, again by the Maximum principle, maxu > maxu = 6. That is, u is bounded. 
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By Proposition!^ we have the uniform a priori estimates for solution u of (32). This implies 
the closeness. The openness follows from the standard implicit function theorem since the 
linearized operator of F is invertible. Therefore, the existence of the unique solution of 
(^) is established for A > 0 small. 

Set 


A = {A > 0 I (|M|) has a solution}. 


Since A / 0, we dehne 


A* = sup A. 

AeA 


We claim A* is finite. For any admissible solution u of 
inequality, 


, by the Newton-MacLaurin 


A < e“ + A = + du 0 dtt— 


|Vu| 


(33) 


< 


( __G 

^ k\{n—k)\ ^ 


|Vu| 


-go + Sgg) 


n 


-(Ti{V^u + du®du - -^90 + 5 'go) 


' k\{n—k)\ 


n 


Y) _ 2 

(All--—|Vup) + cRq, 


where Rq is the scalar curvature function of (M, g^) and c is a constant depending only on 
n and k. Integrating the above inequality over M, we get A < vot{go)^°^ ' conclude 
that A* < 

For any sequence}A*} C A with Aj —> A*, and let ux^ be the corresponding solution of 
(31) with A = Aj, 1 = 1, 2, 3, • • • . We claim that maxMUx^ —> —oo as i ^ oo. Suppose 
maxAi uxi > —Cq. From equation (^), at any maximum point xq of ux^, maxM ux^ < —C 
for some constant C depending only on n, k, go. Then Proposition ^ implies that ux^ (by 
taking a subsequence) converges to a smooth function uo in C^, such that uq satishes (|^ 
for A = Ai. As remarked at the beginning of the proof, the linearized operator of equation 
d^) is invertible. By the standard implicit function theorem, we have a solution of (|3l|) 
for A = Ai + e for e > 0 small, this is a contradiction. Hence maxM uxi —> —oo as i —> oo. 
Now let wxi = uXi — maxM u\i ■ It is clear that wxi satishes. 


+ dwxi ( 8 ) dwxi 




-5 + 5'g = e 


^maxM UL 


^e'^ + Xi 


with maxM wXi 0. By Proposition |6| again, wXi converges to a smooth function (j) in 
and (j) satishes (p3|) with A = A*. 

Finally we prove the uniqueness. For each admissible u, let 

iViiP 

W = (V^u + du^du - 7^90 + Sga) 
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and 


aij{W) 


dakjW) 

dwij 


For any smooth functions uq and ui, let v = ui — uq, ut = tui + (1 — t)uQ and Wt = 
Attt + dut 0 dut — ^^ 2 *^ 9 + ^g- (0); following identity holds 

(34) akiWi) - akiWo) = V V, [( [' aij{Wt)dt)Viv] + V b^Viv, 


for some bounded functions 6^, / = 1,n. If uq = </> and ui = (j)' are two admissible 
solutions of (^) for some A and X' respectively, then (fg aij(Wt)dt) is positive definite. 
Therefore, cj) = cj)' -\- c for some constant c by (|^ and the Maximum principle. The proof 
of Theorem ^ is complete. ■ 


5. Existence and convergence 

First, we want to use the a priori estimates established in the section 3 to obtain the 
long time existence of flow . These estimates are independent of time t, as long as n(t, x) 
stays in the positive cone F^. Therefore, to establish the long time existence, we need to 
show cjfc stays strictly positive for all t. 


Lemma 2. We have 

(35) dlog<,,(9) = ^ 


tr{Tk-i{Sg)Vllogakig)} + \ogak{g) - logvkig). 


Proof: It is easy to check, see for example |n], 

^^k{g) = kak{g)g ■ ^{g~^)+ir{Tk-i{Sg)g~^^Sg]. 

Under the conformal change g = e“^“g'o, the Schouten tensor is changed as follows 

Sg = + du®du- go + Sg^. 


Hence, we have 


Now we have 

4log«(9) 


d ^ „odu 1 ^ 9 / ^ d . 

—Sg = V^— = — X/t(g~^—g). 


dt 


dt 


dP 


+ logcrfc(5) - logrfc(5r) 


1 


‘^cTkig) 


dP 

tr{Tk-i{Sg)X7l logakig)} + ^ogak{g) - logrkig). 
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Corollary 3. Suppose g{t) is a solution of equation with initial metric go on a time 
interval [ 0 , T*), then there is a positive constant c > 0 depending on go, k, n (independent 
oft), such thatMt G [0,T*), 

(36) ak{g{t)) > ce~^. 

Therefore, flow exists for all t > 0. 


Proof: By Propositions 0 and |5|, logrk{g) < C for some constant C independent of t. Let 
/ = e~^ logak{g) — Ce. By Lemma ^ / satisfies a parabolic inequality 


—/ > —-— 
dt 2ak{g) 


tT{Tk-i{Sg)Vlf}. 


Now the corollary follows from the maximum principle. Again by Propositions |, and 
what we just proved, flow (j^ stays uniformly parabolic in [0, T) for any fixed T < oo. By 
Krylov Theorem for fully nonlinear parabolic equations [^, g{t) G < t <T for 

some ot > 0. In turn, ||(7||cq[o,T]xM) ^ for all I > 2. Now the long time existence 
follows from the standard parabolic PDE theory. ■ 


The next proposition will also be used in our proof of Theorem ||. 


Proposition 7. If go G T^, then there is no function n G r(f_ such that CFk{g) = 0 
for g = e~‘^^go in the viscosity sense. 


Proof of Proposition [^. By Theorem there is a smooth admissible solution f of (^) for 
some A > 0. Assume by contradiction that there is a solution u of 


(^k 


^2 1 1 
V tt + du® du -— 


'9 T Sg] — 0 . 


Let uo = u and ui = 4> and v = ui — uo, then (|^ still holds for v in weak sense (since 
u G Also, (f^ aij(Wt)dt) is uniformly positive definite everywhere since aij(Wt) is 

semi-positive definite for all t and uniformly positive definite for (5 < t < 1, Vd > 0. By 
Maximum principle again, u = cj) + c for some constant c. That is, 


0 = o-fc ( + du® du — 

This is a contradiction 


|Vw|^ 


<7 + ^9 =ak{Wi) = X>{). 


Proof of Theorem [J. The a priori estimates and the longtime existence are proved in 
Proposition ^ and Corollary We now prove the convergence for k njl. Since the 
volume is preserved under flow (|l]), from (P) we have VT 

pT? P n — lk 

I I (cTkig)-r kig)){log ak{g)-log rk)dvol{g)dt <— - -^{P'kigiT)) - T'ki9o)\- 

Jo Jm n- 2k 

By Proposition P, ak{g) and Pk{g) are uniformly bounded. We conclude that 

POO P 

(37) / / {(Jkig) - rk{g)fdvol{g)dt < oo. 

Jo Jm 
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Therefore for any sequence tn —> oo, there is a subsequence {tm}) such that rk{gt„^) ^ P, 
for some nonnegative constant P, and ~ 'f'k{gtnj))‘^dvol{gt^) 0. Again, from 

Proposition ^ (by taking subsequence) u{tnP converges to some function Uoo in 
norm for any 0 < a < 1. By Lebesgue domination theorem, 

(38) cTkigcx)) = P, almost everywhere, 

where goo = Since Uoo G Uoo satisfies the equation (^) in viscosity sense. 

By Lemma |I| J^k{g{t)) is monotonic, P is independent of the choice of the sequence. It 
follows (1^ ) again that 

/i™ “ P\\l^{m) = 0- 

Finally, P is positive by (^^ and Corollary |^. We conclude that Uoo G C°°{M) by the 
Evans-Krylov Theorem. We remark that the positivity of P for k > n/2 also follows from 
Lemma Propositions and since rk{gt) is uniformly bounded from below. ■ 

Remark 2. With some modifications in our proof, we can establish the similar a priori 
estimates for flow (0 < I < k < n) 

( 39 ) i Jt^ = -ilog{^)-logrk,i{g))-g, 

1 5 (0) = go, 

with rkfig) given by 

rk,i{g) = exp ( —^ / log(^^) dvol{g) \ . 

\vol{g) Jm crfig) J 

Therefore the global existence result is valid for 

Remark 3. When k = ^, the right hand side in is trivial. We do not know the 
behavior of flow & at oo in this case. The sequential convergence of flow & is suffice 
for Corollary 1. It is of interest to know the uniqueness of g^o and general convergence of 
flow &■ Finally, we would like to ask whether Theorem || is ture without the assumption 
of locally conformally flatness. 
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